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Various Topicsin Trigonometry

Lesson 1 — Spaghetti Trig — Deve oping the graphs of sine and cod ne functions from the
unit crde

Objectives:

Students will develop a better understanding of the unit circle.
Students will make the connection between the unit circle and the graphs of the sine and

codnetrig functions.
Materials Needed:

Poster board or two legd sheets for each student
Yarn (alight color preferadly)

Tapeor Glue

Protractors

Markers (a different color than the yarn)
One sheet of |etter-size paper for each student

Prep before class begins:

Y ou will need 50-65 minutes to complete the project, so the more you have prepared for
the students, the better off you will be. The students will need the following items e their
desks before class begins. They will need white poster board or two lega sheets taped
together to make onelong 8 ¥2" x 23" sheet, yarn (at least 3 feet for each student), tape or
glue, protractor, compass, 7-10 noodles of spaghetti, and a marker.

Procedure:

Thefirgt part of thislesson could actualy be done on a separate day. Students should
cregte aunit circle on the letter-szed paper. Begin by having the students draw an x and 'y
axis on the letter-sized paper. The origin should be as close to the center of the paper as
possible. Use the compass to create a circle with a center at the origin and aradius of at



least 3%%". Use the protractor to
mesasure anglesof p/6, p/4, and
p/3. The point where the
terminating Sde of these angles
intersect with the unit cirde will

have ordered pairs of (£ V),

(£ £) (2, £) respectively.
Then have students measure the
same reference angles in each of
the remaining quadrants, marking the coordinates of the ordered pairs as they go (paying
careful attention to sign). The students should aso mark the ordered pairs for the points
where the unit circle intersects the x and y axes aswell.

Now have the students wrap the string around the unit circle. One end of the string should
be placed at (1, 0). Use the marker to mark points on the string at each of the special
angles.

It isimportant to note to the students
at this point that we are interested in
finding afunction in terms of the
angle q that will give usthe vaue of
the x coordinate and afunction in
terms of the angle g that will give us
the value of they coordinate. From
previous study, the students should
know thet the functions we are
looking for are sne and cosine.

Remind the students that x = cos (q)
=f(g) andy = 9n(g) = g(q). Thismeansthat if we are to grgph the sine function our new
independent variable isthe angle g. The remainder of thislesson plan will discuss
completing the project for graphing the sine function. It is eadily adapted to graphing the
cogne function.

Have the students draw a coordinate axis on their poster board or legal paper. Since q is
the independent variable, the horizonta axis should be labeled g and the vertica axis
should be labded g(g) =sin q.

The yarn can now be placed dong the horizonta axis with the end of the string that
garted at the point (1,0) now placed at the origin since this represents g = 0. The marks
that were made on the yarn will give us the angle measures that we need. Thusthe firgt
mark can be transferred to the poster board and labeled p/6. The second mark can be
transferred to the poster board and labeled p/4, etc. Once the students have labeled the



positive horizonta axis, they can flip the string over and labd the negative horizonta
axis using the same marks. Note to the
sudents that thisis usng negative
angle measures.

We will now go back to our unit circle.
Since we are interested in the Sine
function which corresponds to they
vaue, we areinterested in the distance
agiven point is from the horizonta
axis. Thisis where the spaghetti will
help. At an angle measure of O, they
vaueisO, thuswe will not need any
Spaghetti. However, at p/6, they value is 2. Have the students place a noodle of spaghetti
verticadly with one end on the horizontal axis and the remainder of the noodle going

through the point (? , ¥2). They should bresk the noodle off at that ordered pair. Thus

the noodle gves usavisud imege of they vadue (Sn q) at p/6. Take that piece of

spaghetti and glueit on the poster
board at p/6. Be sureto tel the
sudents that Since they vaue was
positive, then the spaghetti should
be placed above the horizontd
axis. Repest this process at each
specid angle. When the students
get to the third and fourth
quadrants, remind them that they
should now be placing their

spaghetti below the horizontd axis.

Be sure to have the students aso work with the negative angles as well, reminding them
that -p/6 will bein the 4™ quadrant and so the spaghetti will be placed below the
horizontal axis. When the students finish they should see a perfect sine curve. You can
fill in the gaps by having the students measure angles of p/12 and 5p/12 and their
corresponding reference angles around the unit circle.

It may be agood ideato have hdf of your sudents graph the sine function and haf graph
the cogne function. The activity isidentica with the exception that the spaghetti will be
used to measure the ordered pairs distance from the vertica axisin the unit circle.




Lesson 2 — Using Spaghetti to discussthe Law of Sines

Objective:  Thislesson will help students gain a better understanding of the law of
snes. In particular, thiswill help students understand the ambiguous case and see why it
is ambiguous.

Materials Needed:

Overhead projector

Spaghetti
Protractor

Procedure:

When discussing the Law of Sines, students sometimes have difficulty understanding
why this method works. This lesson gives avisud image that can be manipulated so the
students can see whét is hgppening.

There are three cases that need to discussed when covering the Law of Sines, AAS, ASA,
and SSA. We will teke these in that order. The first two are rdaively sraightforward and
will not require agrest dedl of explanation. | have found that if you place the spaghetti
illugtrations on the overhead it is easy to manipulate and dl of the students can eesily see

what is happening.

AAS

Toillugrate AAS you will need two full noodles of spaghetti and one shorter noodle. The
given information in this case is two angles and a non-included sided. The shorter noodle
of spaghetti will serve as our given Sde.

Pace afull length of spaghetti
horizontdly on the overhead. With the
second full noodle, create an acute angle
with the horizontal noodle. Y ou may wish
to have a student give you an angle
measurement less than 180°, preferably
around 60° just to make theillugtration
easer to see. Y ou can make the correct
angle using the protractor. Have another
student give you a second angle
measurement less than 180° - thefirst
angle. Create this angle with the shorter
noodle. | recommend that you originaly
cregte the angle at the opposite end of the horizontal noodle. Thiswill origindly cause
some confusion because it will likely not form atriangle. Ask the sudentsiif this means




that no triangle can be created with those
measurements. After you have given them
timefor discussion, remind them that the
horizontal noodle does not represent a
given sde. Therefore we can change the
length of that Sde. Maintaining the given
angle measurement, dide the shorter
noodle across the horizontal noodle until a
triangleisformed. Illudrate to the
sudents that the origina angle chosen
could have been acute or obtuse and the
triangle would still be cregted. Also note
to the sudentsthet if we are dl given the same pieces of information, then we will al end
with congruent triangles.

ASA

Y ou can use the same noodles of spaghetti to illustrate this case. However, remind the
sudents that we are now given an included sde. To illugtrate this, | recommend placing
the shorter noodle horizontaly. Since this Sde length is now given, the two angles must
be created at the endpoints of the noodle. Again ask the students to give two angle
measurements whose sum isless than 180°. | suggest you work thisillustration twice.
Once with two acute angles and once with an obtuse angle.

For the case with two acute angles, use the
protractor to create the correct angle
measurements. The students will see that the
two unknown sides will clearly intersect & a
point, forming the triangle. Remind the
students that any access length isnot a
problem since the lengths of those two sides
are nat given.

For the case with an obtuse angle, the
sudents may claim that they cannot make
the triangle, however, remind them thet the




side lengths are not given and they can extend those sides as long as necessary to form
the triangle. Again, point out to the sudentsthat in ether case, if we are given the same
information, we will obtain congruent triangles.

SSA

Not only isthisillugration excdlent for demondrating the ambiguous case, it will
convince students why we do not have a SSA congruency theorem.

For thisillustration you will need four noodles of spaghetti, one full length and three
shorter noodles of varying lengths. Y ou will likely want to bresk these pieces off asyou
go since often the length you need depends on the angle the students choose. This case
has multiple sub-cases, we will go through an illugtration for each of them.

Case 1 —given angle A isacute and a< h (Sde opposite angle ais less than the height of
thetriangle)

Note that in this case, nothing is said about how b relates to aand h. Thus we can choose
b to be any length we want. Bregk off anoodle a any length at place it at the left
endpoint of the longer noodle. The angle formed here is the given angle (chosen by the
sudentsif desired) so you will
need to use the protractor to
measure the angle. Sincebisa
given sde length we will bresk
off another noodle and place it
at the opposite endpoint of b
and perpendicular to the
unknown side. This represents
the height, h. We have now
restricted our optionsfor a. We
know that its length must be less than h. Bregk off a noodle to represent athat will be
shorter than h. Show the students that there is no where to place aso that atriangleis
formed.

Case 2 —given angle A isacute and a=h.

This caseisvery amilar to the
previous case. The only change that
will need to made isto bresk off a
noodle so that aisthe samelength ash
rather than being shorter than h. The
students should see thét thereisonly
one triangle that can be formed and
that isaright triangle.




Case 3 —given angle A is acute with a>h.

This case may be
the easiest to
illugtrate. Since the
height does not
meatter, Smply
choose two noodles
of different lengths.
Choose the shorter
of thetwo to
represent b and
make the appropriate angle A. It will be easy for the students to see that that there is only

one pogtion for athat will make atriangle. Thet is the correct position.

Case 4 — given angle A is acute with h<a<b

In this case you will haveto
be more careful. The easiest
way to illugrate thisisto
choose three noodles of
Spaghetti of varying lengths.
The longest of these noodles
isto be sde b. The shortest
will bethe height. |
recommend that you do not
choose a particular angle for
this case. Create aright triangle with h, b and the unknown side. The angle between b and
cisnow set and cannot be changed. Thiswill be easier than trying to bresk spaghetti of f
at the needed points.

This case could result in two
triangles. Demondrate to the
students that sde a could be placed
on ether gde of the height to form a
triangle. Thisisaso an excdlent

time to discuss why we do not have a
SSA congruency theorem.




Case 5 —given angle A is obtuse
withaf b

In this case you will need to
create an obtuse angle A and
illusrate thet if a£ b we will not
be able to form atriangle.

Case 6 —given angle A isobtusewithb< a

For thisfina case you can use the same noodles that were used in the previous example.
By switching aand b the students will see thet one and only one triangle can be formed.




